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Abstract 

Gray & Hervella gave a classification of almost Hermitian struc- 
tures (g, I) into 16 classes. We systematically study the interaction 
between these classes when one has an almost hyper-Hermitian struc- 
ture (g, I , J, K). In general dimension we find at most 167 different 
almost hyper-Hermitian structures. In particular, we obtain a number 
of relations that give hyperKaher or locally conformal hyperKahler 
structures, thus generalising a result of Hitchin. We also study the 
types of almost quaternion-Hermitian geometries that arise and tab- 
ulate the results. 
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1 Introduction 

In jl] Gray & Hervella gave a classification of almost Hermitian manifolds in 
terms of the covariant derivatives of the Kahler 2-form. This derivative has 
special symmetries and may naturally be decomposed into four components 
lying in spaces they called Wi, . . . , W4. This gives 2 4 = 16 different classes of 
almost Hermitian manifolds determined by which components are non-zero. 
From these one may easily read off properties such as integrability of the 
almost complex structure or closure of the Kahler form, cf. Table H 

An almost quaternion-Hermitian manifold locally possesses three almost 
complex structures defining almost Hermitian structures with respect to a 
common metric and satisfying the multiplicative identities of the imaginary 
quaternions. An analogue of the Gray-Hervella classification may be obtained 
for such structures by considering the covariant derivative of a certain four- 
form. In general dimensions, this leads to 2 6 = 64 classes, which were recently 
described in detail in [Zj. 

It is a natural question to ask how these two classifications interact. In- 
deed various results in this direction are already known, the most celebrated 
being Hitchin's proof [Sj that for a manifold to be hyperKahler it is sufficient 
that the three Kahler 2-forms be closed. One first observation is that the 
space of covariant derivatives of three arbitrary two-forms is about twice as 
large as the space of covariant derivatives of a quaternionic four-form. One 
should therefore expect to find more relations than simply those arising from 
the fact that the third almost complex structure is the product of the first 
two. In this paper, we find systematically all such relations between these co- 
variant derivatives. With this in place it is an easy matter to read off various 
consequences in the style of Hitchin's result and to obtain generalisations. 

After recalling definitions and the relevant representation theory in ^ the 
key technical points of the paper may be found in JO a first decomposition 
of the covariant derivative Vui is given in Lemma f3.1[ and this is refined in 
Propositions 13.21 and 13.41 Conclusions regarding almost Hermitian types are 
drawn in £01 whereas the consequences for the quaternionic geometry may 
be found in JJD The paper ends with tables summarising all the results and 
a short discussion of numbers of cases and possible examples. 

Acknowledgements Andrew Swann is a member of Edge, Research Train- 
ing Network HPRN-CT-2000-00101, supported by The European Human Po- 
tential Programme. He is grateful to the Department of Fundamental Math- 
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Name 


Characteristic property 


{0} 


Kahler 


Vwj = 




almost Kahler, symplectic 


duii = 


w 4 


locally conformal Kahler 


duj = a A uij 7^ 




(1, 2)-symplectic 


(do;/) 1 - 2 = 


W3 + W4 


integrable, Hermitian 


dA i,o c A 2,o + A i,i 


Wi + w 2 + w 3 


semi-Kahler, co-symplectic 


d*ujj = 



Table 1: Important classes C in the Gray-Hervella classification of almost 
Hermitian manifolds (of dimension at least 6). 



ematics at the University of La Laguna for kind hospitality whilst working on 
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2 Preliminaries 

A 4n-dimensional manifold M (n > 1) is said to be almost quaternion- 
Hermitian, if M is equipped with a Riemannian metric (•, •) and a rank-three 
subbundle Q of the endomorphism bundle End TM, such that locally Q has 
an adapted basis I, J,K satisfying I 2 = J 2 = —1 and K = I J = —JI, and 
(AX, AY) = (X, Y), for all X, Y e T X M and A = I,J, K. This is equivalent 
to saying that M has a reduction of its structure group to Sp(n) Sp(l). An 
almost quaternion-Hermitian manifold with a global adapted basis is called 
an almost hyper- Hermitian manifold. 

There are three local Kahler-forms u A (X,Y) = (X,AY), A = I,J,K. 
From these one may define a global, non-degenerate four-form Q, the funda- 
mental form, by the local formula 

(2. 1) Q = u>i A Uj + ujj A ujj + ujk A ujk- 

2.1 Covariant Derivative of one Kahler Form 

Let V denote the Levi-Civita connection. As the metric is almost Hermitian 
with respect to A — I, J, K, one obtains jlj 



(2.2) 



V x ou A (AY,AZ) = -V x ua(Y,Z). 
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On the other hand the relation / = JK, implies that the covariant deriva- 
tive of uji is determined by those of loj and ujk- This may be expressed 
symmetrically by [SI Ej 

V x ui{ JY, KZ) + V x uj(KY, IZ) + V x u K (IY, JZ) = 0, 

or directly by 

V x ui(Y, Z) = V x uj(KY, Z) - V x oo K (Y, JZ). 

The two other versions of this equation obtained by cyclically permuting 
J, J, K also hold, and in this paper we will use such results without further 
comment. 

The following conventions will be used in the sequel. If b is a (0, s)-tensor, 
we write 

A(i)b(Xi, . . . , Xi, . . . , X s ) = —b(Xi, . . . , AX i: . . . , X 8 ), 
Ab(Xx, ...,X S ) = (-l) s b(AX 1 , AX S ), 

for A = I,J,K. We also consider the natural extension of (•, •) to (0, s)- 
tensors given by 

4n 

(a, b) = ^ a ( e ii,--^ e i s )b(ei 1 ,...,e is ), 

h,...,i B =l 

where {ex, . . . , an orthonormal basis for T X M. The notation {ei, . . . , e^n} 
will also denote the corresponding dual basis of one-forms. In some situations 
we will write g for the Riemannian metric (•,•). 

Using these conventions, we may write our expression for the covariant 
derivative of uj as 

(2.3) Vco>/ = -K(2)VUj + J(2)VU K . 

2.2 Representation Theory 

Our key tool for refining the expression ()2.3j) for Va;/ is the representation 
theory of Sp(n), Sp(l) and 17(1). We will follow the E—H formalism used 
in [TTJ [T21 HHj to denote irreducible Sp(n) Sp(l)-modules. Thus, E is the 
fundamental representation of Spin) on C 2n = H n via left multiplication 
by quaternionic matrices, and H is the representation of Sp(l) on C 2 = EI 
given by q.( = (q, for q G Sp(l) and ( 6 H. An Sp(n) Sp(l)-structure 
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on a manifold M gives rise to local bundles E and H associated to these 
representation and identifies TM ®r C = E ®c H. 

On E, there is a Sp(n)-invariant complex symplectic form uje and a Her- 
mitian inner product given by (x,y)c = ^e{x,v), for all x,y G E and being 
V — yj (y — * V is a quaternionic structure map on E = C 2n considered as 
right complex vector space). The mapping x — > = u>e(-,x) gives us an 
identification of E with its dual E*. If {ui, . . . , u n , ui, . . . , u n } is a complex 
orthonormal basis for E, then 

Ct> a ' — W it)' — 'it) ' — 'U) U) 

UJ E = u t A ^ = ^ ^ -UiUi, 

where we have used the summation convention and omitted tensor product 
signs. These conventions will be used throughout the paper. 

The irreducible representations of Sp(l) are the symmetric powers S k H = 
C k+1 . An irreducible representation of Sp(n) is determined by its dominant 
weight (Ai, . . . , A n ), where Aj are integers with Ai > A2 > • • • > A ra > 0. This 
representation will be denoted by V^ Xl ''"' Xr \ where r is the largest integer 
such that A r > 0. Familiar notation is used for some of these modules when 
possible. For instance, = S k E, the kih symmetric power of E, and 
y(i,...,i) _ AqE, where there are r ones in the exponent and A r E is the 
Sp{n) -invariant complement to ueA t ~ 2 E in A r E. Also K will denote the 
module V^ 21 \ which arises in the decomposition 

E ® A 2 E = A 3 E + K + E, 

where + denotes direct sum. 

When we fix a choice of local almost complex structure /, we get a re- 
duction of the structure group to Sp(n) (7(1) C U(2n). We write L for the 
standard representation of (7(1) on C, and A 1 ' for the representation of 
U(2n) on C 2n . The latter has dual representation A ' 1 , and arbitrary irre- 
ducible representations lie in some tensor product A p,q = A P A 1,0 £g> A^A ' 1 
and will be labelled by the minimal pair (p,q). In particular, U 3 ' is the 
irreducible module in the decomposition 

A 1 ' ®^^ A 3 >° + U 3 >°. 

The space Aq' 9 is the orthogonal complement of cj/A p_1,<? " 1 in A p,q . When 
we need to regard these as representations over the real numbers we will use 
the notation [A^], etc. This satisfies [A£' 9 ] <g> C = A p ' q + A p ' q . Note that 
TM = [A 1 - ]. Elements of A p ' q are said to have type (p, q); elements of [A p '«] 
for p 7^ q will be said to have type {p, q}. Modules and types will be labelled 
by the almost complex structure I when it is necessary to avoid confusion. 
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3 Quaternionic Decompositions 

Let us reconsider the covariant derivative of a single Kahler form ujj, this 
time from the point of view of representation theory. Equation (|2.2|) shows 
that 

Vwj G [A 1,0 ] <g> u(2n)- L = [A 3 ' ] + [f/ 3 >°] + [A 2 ' 1 ] + [A 1,0 ], 

= Wi + w 2 + w 3 + w 4 , 

where u(2n) _L = [A 2 ' ] is the orthogonal complement of u(2n) = A 1 ' 1 in 
A 2 T*M. This is Gray & Hervella's decomposition g] (cf. 0). 

In the present context, we have also the action of Sp(n) U(l) which is a 
subgroup of U(2n). To obtain descriptions of the modules Wj as representa- 
tions of this subgroup, note that 

TM <g> C = EH = E(L + L)=EL + EL = A 1 ' + A ' 1 . 

From this we find 

(3.1) A 2 T*M <g> C = S 2 E + S 2 H + A 2 ES 2 H 

= S 2 E + Co;/ + L 2 + L 2 + A 2 £(L 2 + C + I 2 ) 

and hence u(2n) <g> C = >S 2 £ + Cwj + A 2 £, A 2 ' = (A 2 £ + C)L 2 . Taking the 
tensor products of these representations we get 

f32l Wi®C= (A 3 E + E)(L 3 + L 3 ), W 2 ®C = (K + E)(L 3 +_L 3 ), 
1 ' ' W 3 ® C = (A 3 £ + AT + £)(L + L), W 4 ® C = £(L + L). 

We now set about finding the corresponding components of Va>/ explicitly. 
First note that S 2 H C A 2 T*M ® C decomposes orthogonally both as Ccj/ + 

2 2 

L 2 +L and as Ccu/ + Co; j + Cook ■ Thus L 2 +L is t he direct sum of the tensors 
in S 2 H which are of type (1, 1) j or of type (1, 1)#. Let us write (AqE)j for the 
module A^E in 1)3. 1J) ; this consists of the tensors in AqES 2 H which are of type 
(1, 1)/. Our discussion of S 2 H now shows A 2 E(L 2 + L 2 ) = (A 2 E)j + (A 2 E) K . 
Thus 

Vxuji G u(n) x = Rluj + Rto K + {(A 2 E)j} + [(A 2 £) K ], 

with the last decomposition being orthogonal. 

In order to label these components of V^w/, consider the one forms A/, 
Aj, Ax, defined by 

(3.3) A/(X) := UV X LOj,u K ) = -±.{V x u K ,u)j). 
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For any two-form j3 of type (1, 1)/, I(i)f3 is a symmetric two-tensor. Now 

S 2 T*M <g> C = S 2 ES 2 H + A 2 E + C#. 

Thus for (3 G (Aq-B)j, we have that I(i)/3 G Aq£" and in particular I(i)/3 is of 
type (1, 1) for /, J and K. We therefore introduce the tensors ai, aj, ax in 
T*M ® A 2 E C T*M <g> S 2 T*M given by 

(3.4) aj := -A/ ® # + ±(J (2) - J(z))Vu K 

= -\ T ®g + l(K (3) - K (2) )Vujj. 

Note that they satisfy (oupT, •, •), (?) = and 

for A = I, J, K. These forms and tensors will play a significant role in the 
present paper. 

From equation ()2.3|) we have: 

Lemma 3.1 Using the definitions ()3.3|) and ()3.4|) . the covariant derivative 
of uj is given by 

Vui = \ K ® ujj - \j ® uj k + J(2)a K - K(2)Ctj. □ 

Since «/, aj, otx G EH ® A^E = (AqE + K + -E^if , we may decompose 
aj into three components 

ai = a f + a\ K) + af } G A^EH + KH + EH. 

(When dimM = 8, the module A^E is trivial and the corresponding compo- 
nent af is not present.) 

Similar notation will be used for the Sp(n) [/(^-components in the de- 
composition of Vu;j. Thus, for example, (Va^y^ = (VuijyJ + (Vw/)^ . 
Controlling the A^E and K components of Vuj is relatively straightforward 
as we shall now see. 

The Wi + WVpart of Vu;/ consists of the components that are of type 
{3, 0}/. As Voji is already of type {2, 0}/ in the last two indices, one sees 
that 2(Vcj/)>v 1+ >v 2 = (1 — 1(1)1(2)) S/uji. Therefore, using Lemma l3~Tj we have 

(3.5) (Vuj I ) m+W2 = \{K{ JXj - K\ K ) J{J\j - K\ K ) g> uo K 

+{J(x)K(2) + ^(i)^(2))(^(i)«J - K(i)a K )}- 
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Similarly, the W3 + yUl-component of Va>j is given by 2(Vo;7)vv3+vv4 = (1 + 
^(2)-J(3))Vu;j. Thus, we have 

(3.6) (Vu; 7 ) W3+W4 = \{-K{ JXj + K\ K ) ®ujj + J(JXj + K\ K ) <g> u K 

+ (J(1)K(2) - K(l)J(2))(J(l)OCj + K(i)a K )}- 

Now for VVi + W2, the module AqE only occurs in Wi- Similarly, in 
W3 + W4 this module lies solely in W3. Arguing in a similar way for the 
/^-components, we are lead to the following result. 

Proposition 3.2 Let ai be as in ([3.4)1 . T/jen 

(a) (VoJi)yj is uniquely determined by J^)a.j — K^ar^ , 

(b) (Vwj)® 6yJ (1) 4 3) + 

(c) (Vwj){§ 6y J(i)OL { p - K {1) a ( p and 

(d) (Vw/){£ 6y J^a™ + K^a™ . 

Proof. The A^-parts of (Vcj/-) Wl and (Vu;/)^ are given by the correspond- 
ing parts of equations ()3.5|) and ([3.6)1 . i.e., 

(VWj)® = |( J(l)^(2) + J( 2 ))(J(1)4 3) - ^(D^), 

(Vw/)^, = \{J{i)K m - J( 2) )(J(i)aS 3) + K {1) a$), 

and analogous formulae for the i^-components. The Proposition now follows 
from the following Lemma. □ 

Lemma 3.3 Fore = ±1, (JmK^)+£KmJ^))(Jmaj — eKmaK) = if and 
only if J(i) a j = eK {l) a K . 

Proof. Let us just give the proof for e = +1. Clearly we only need to 
consider the forward implication. Since ( J^Kty+eKmJp)) 2 = 2(l+/( 1 )/( 2 )), 
then the first equation of the lemma gives 

J(l)OiJ - K(1)(XK + K{1)I{2)0LJ - J(l)I(2)OtK = 0. 

But J {1) aj - K {1) a K E T* ® S 2 T* and K {1) I (2) aj - J^I^k e T* (g) A 2 T*. 
Hence both of these pairs must vanish and in particular Jmatj — Kmax = 
as required. □ 
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The situation for the ^-components of 'Vujj is a little more complicated. 
The presence of the .EiJ-component in the decomposition of ai means that 
we can define one- forms rjj from a\. We set 

(3.7) 7?j(X) = a^e^X) = («/(-, -,X),g). 

From a one- form rj we may produce a tensor a(rj) in EH <S> A.qE by 

a I (r]) — e{ ® (77 V + Ir) V ie^ + J77 V Jei + Krj V ife;) — -rj® g, 

where aVfc = |(a®6 + ft®fl). As the map 77 t— > a/ (77) is equivariant for 
the Sp(n) Sp(l)-action, aj(rj) lies in C EH ® Aq75. Computing the 
corresponding one- form 77/ from a/(n) via (J3.7J) one gets (2n + l)(n — l)r)/n. 
Thus in general 

(3-8) af > = (2n+i ; (n _ 1) {4ne i ® (77, V e,) 11 - r/ 7 ® <?}, 

where 4(a V 6) H = a V 6 + /a V lb + Ja V J6 + Ka V ift>. 

Proposition 3.4 Let A/ and 77/ be as in ()3.3j) and ()3.7j) . Taen 

(a) (Vwj)yvi and (Vu;/)^ are uniquely determined by independent linear 
combinations of JXj — K\k and Jr/j — Kr/x; 

(b) (Vwj)$g and (Vwj) |^ are uniquely determined by independent linear 
combinations of JXj + K\ K and Jr/j + Kr\ K . 

Proof. For (a), we compute the ^-components of (Va^yy +w in the de- 
compositions ()3.2|) . For simplicity, write 

Xj := JXj - KX K , r]J := Jr]j - Kr] K . 

The .E-component of (Vu;/) VVi+VV2 is obtained from ()3.5jh by replacing «j 
and ojtx by af and ajf\ respectively. Taking (|3.8jl into account, we have 

2 (Vu I )ff i+m = K (Aj + £:i2?77) ® + d (A7 + fci2?7/ ) ® u;^ 

-nfci2 (ej <g> Jej A KrjJ + ® Ket A Jr]j) , 

where fci 2 = —l/(2n + l)(n — 1). 

The i?-part of the Wi-component of Vcu/ is obtained by alternating 
(Vwj){5 +Wl , i.e., 

6 (Vwj)$5 = ^ (A7 + fci?77) A c^j + J (A7 + ^777) A wjf , 
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where k\ = — l/(n— 1). The difference (Vu;/)^, +vv — (Va;/)^ is the E-pait 
of the WVcomponent of Vcu/, i.e., 

6 (Vw/)^ = 2K (Xj + k 2 rij) ®loj + 2J (Aj + k 2 r]j) ® uo K 

+ei ® Jei A K (Xj + k 2 i]j) + e, ® ife^ A J (A7 + /c 2 % ) > 

where &2 = l/(2n + 1). As fci 7^ ^2, this proves part (a). 
For part (b), we introduce 

A+ = J\j + KX K , rjf = Jr]j + K Vk . 

The W^-component of Vcu/ is given by j3] 

(Vw;) W4 = 2(2^-1) (~ e i ® e i A + e i ® ^ A IgZVt), 

where d* denotes the coderivative operator. Since from Lemma f3. II it follows 
that Id*uj = Aj +Tjf, then we have 

(Vw/) W4 = & ® e< A /(A/ + fc 4 r^) + e< <g> Jei A (A| + fc 4 »7j")} , 

where fc 4 = 1. 

The difference (Vu;/)^ +VV4 — (Vo?/)^ is the i£-part of the W3-component 
of Vo;j, i.e., 

2 (Vwj){§ = —K (Xj + k 3 r)f) ®uj + J (Xj + M/) ® u K 

-(2^1) ( e * ® e, A / (A+ + /c 3 r/+) + ® Ie< A (A+ + k 3 r]+)) , 

where k 3 = k\ 2 = — l/(2n + l)(n— 1) as before. As k 3 7^ fc 4 , we have part (b). 
□ 



4 Almost Hyper-Hermitian Structures 

In the following theorem we show the way in which the class of uj k, as an 
almost Hermitian structure, is conditioned by the respective classes of loj and 
io j. Moreover, from the theorem one can also deduce the list of possible triples 
of almost Hermitian types corresponding to Ui, uj and luk, respectively. 
Such a list is contained in the tables given in §HI The theorem also provides 
the essential rules for determining which triples of Gray-Hervella types may 
occur. 
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Theorem 4.1 Let M be an almost hyper- Hermitian manifold. 

(i) If Voji G W 3 + W 4 and Va> j £ C, £/ien Vcu^ G C, where C means any 
Gray-Hervella class of almost Hermitian structures. 

(ii) J/Vwj, Vcjj G C+W 3 +W 4; inen Vw K G C+W 3 + W 4; /or C = Wi, W 2 . 

(iii) // Vwj, Vcjj G Wi + W 2 , ^en Vtu^ G W 3 + VV 4 . 

(iv) J/Vwj, Vcjj G W 1 +W 2 +W 4 and Vu K G C+W3+W4, /or C = W u W 2 , 
then Vuj k G W 3 + W 4 . 

Moreover, if M is eight- dimensional, we also have 

(v) // Va;j, Vujj G Wi + W 2 + W 3 and Vc; x G W a + W 3 + W 4 , iaen 
Vcj x G W 3 + >V 4 . 

Proof. Follows directly from Propositions 13.21 and 13.41 □ 

We refer the reader to Table ^for interpretations of some of these classes. 
In particular, parts (i) and (ii) each contain the statement that if I and J 
are integrable then K = I J is too, as first shown by Obata 0. 

An important class of almost hyper-Hermitian manifolds are those in 
which all three Kahler forms are parallel. These are hyperKahler manifolds 
and their metrics are Ricci-flat. The following result is a consequence of the 
previous Theorem and shows some of the possible conditions which imply 
that a manifold is hyperKahler. 

Theorem 4.2 Let M be an almost hyper-Hermitian manifold. If one of the 
following conditions holds, then M is hyperKahler: 

(i) Vw/, Vwj, Vu K G Wi + VV 2 , 

(ii) Vcu/ G Wi and Vuj G W 2; 

(iii) Va>j = and Vuj G Wi + W 2; 

(iv) Vcu/ G C and Vwj G W 4; C = Wi, W 2 , W 3; 

(v) Vwj = and Vojj G C + W 4 , C = Wi, W 2 , W 3; 

(vi) Vw/ = 0, Vwj G Wi + W 2 + W 4 and Vcj x G C + W 3; C = Wi + 
W 2 ,Wi + W 4 ,W 2 + W 4; or 
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(vii) Vwj = 0, Vujj 6W1+W3 + W4 and Vuj k G W 2 + W 3 + W 4; 

Moreover, if M is eight- dimensional, each one of the following conditions 
also implies that M is hyperKahler: 

(viii) Vui G Wi and Vujj G W 3 , 

(ix) Vui = and Vwj G Wi + W 3 , or 

(x) Vcj 7 = 0, Vwj GW1 + W2 + W3 and Vcj^ G Wi + W 3 + W 4 . □ 

Remark 4.3 Part (i) of Theorem 14.21 was already proved in [S] and is a 
generalisation of Hitchin's result [3] that if uii, Uj and u K are closed, then 
the manifold is hyperkahler. Part (iii) includes the statement that a Kahler 
manifold is automatically hyperKahler as soon as one additional two-form is 
closed. 

The W 4 -part of the covariant derivative of an almost Hermitian structure 
is linearly determined by its Lee form [3] defined, in the present context, 
by 9a = l/(2n — 1) Ad*ujA, for A = I,J,K. Below it will be shown that 
if the structures determined by /, J, K are locally conformal Kahler, then 
they have a common Lee form. Thus, in such a case, we can say that the 
manifold is locally conformal hyperKahler. In general, with Xj and rji as 
in ()3.3j) and (j3.7j) . we have the following result: 

Lemma 4.4 Let M be an almost hyper- Hermitian manifold. The three al- 
most Hermitian structures have a common Lee form if and only if 

/A/ + Irjj = JXj + Jrjj = KX K + Kr) K . 

Note this happens when (Vw/)^] +>v = (Vu;j)^ +W2 = 0, which is the 
case if Vw/, Vuo,j G W 3 + VV 4 . 

Proof. From Lemma l3~T1 we have Id*ujj = JXj + KXk + Jf]j + K^k, and 
the result follows. □ 

Combining this Lemma with Theorem 14. II we obtain: 

Theorem 4.5 Let M be an almost hyper-Hermitian manifold. If one of the 
following conditions holds, then M is locally conformal hyperKahler: 

(i) Vu)! G W 4 and Vujj G VV« + W 4; i = 1, 2, 3, 
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(ii) Vu h Vujj G Wi + W 4 and Vuj k G W x + W 2 + VV 4 , « = 1, 2, 3, 

(iii) Vcu 7 G Wi + VV 4 , Vwj G W 3 + W 4 and Vw^ G Wj + W 3 + W 4 , 

z, j = 1, 2, 3 and i ^ j , 

(iv) Vlji G Wi + W 4 and Vuj G W 2 + W 4 and Vuj k G W» + W, + W 4; 
z, j = 1, 2, 3 and i 7^ j , or 

(v) Vcj 7 G W 4 , Vwj G C + W 4 and Vcjj G V + W 4; C, P = Wi + W 2 , Wi + 
W 3 ,W 2 + W 3 andC ^V. □ 

Remark 4.6 Part (i) of Theorem 03] is a generalisation of Obata's result [10 
that a Kahler structure with an additional integrable complex structure is 
hyperKahler. 

5 Almost Quaternion-Hermitian Structures 

Up to this point we have concentrated on the types of the almost Hermi- 
tian structures (g,I), (g, J) and (g,K). However, these may be regarded as 
coming from an adapted basis for an almost quaternion- Hermitian structure, 
and in dimension at least 12 such a structure has one of 64 possible types 
determined by the covariant derivative of the fundamental 4-form Q (j2.1j) . It 
is therefore interesting to find what consequences the three almost Hermitian 
types have for the quaternionic type. The 64 quaternionic classes come from 
the following Sp(n) Sp(l)-decomposition. 

Proposition 5.1 (Swann |12| ) The covariant derivative of the fundamen- 
tal form Q of an almost quaternion- Hermitian manifold M of dimension at 
least 8, has the property 

Vtt G T*M ® A 2 ES 2 H = (A 3 E + K + E)(S 3 H + H). □ 

If the dimension of M is at least 12, all the modules of the sum are non-zero. 
For an eight-dimensional manifold M, we have Af ) ES 3 H = AqEH = {0}. 

If Vfi = 0, M is said to be quaternionic Kahler and the metric g is 
automatically Einstein (see for example pQ). If Vf2 G EH, then M is locally 
conformal quaternionic Kahler. The case VQ G (K + E)H is known as 
QKT geometry: there is a second Sp(n) Sp( l)-connection on M with totally 
skew-symmetric torsion, see for example jHj- When Vf2 G {A^E + K + E)H 



Almost Hermitian Structures and Quaternionic Geometries 



15 



the underlying almost quaternionic structure is integrable, i.e., there is a 
torsion-free connection preserving the bundle spanned by J, J and K. 
Using Lemma 13. 1| the covariant derivative Vfi is given by 

(5.1) Vfi = 2 6 (J (a) a* - K (2) aj) A u z , 

where (5 denotes the cyclic sum. Note that the one- forms A/, Aj and A^ do 
not appear in this formula. We immediately conclude that the A 3 ) E(S 3 H + 
H), K(S 3 H + H) and E(S 3 H + H) of Vfi are linearly determined by the 
corresponding components of the a's. To further divide these components 
we use the following result. 

Let a: (g) 4 T*M -> A 4 T*M be the alternation map. 

Proposition 5.2 (Cabrera The covariant derivative ofQ splits as 

VVl = (Vn) s3H + (Vfi) fl G (A 3 E + K + E)S 3 H + (A 3 E + K + E)H, 

with 

(5.2) (Vtt) siH = ±(4Vft- 6 (Jd®a)/ (1) / (2) Vn), 

I,J,K 

(5.3) (Vfi)ff = i(2VO+ 6 (Id«)a)/ ( i)/ {2) VO). □ 

The classes involved in this last result are also determined by conditions 
on a/, aj, olk- 

Proposition 5.3 Let M an almost quaternion- Hermitian manifold and U 
an open set where the adapted basis I, J, K is defined. Then 

(i) (Vfi)jj is linearly determined by I{\)Oli + J(i) a J + K(i)®k, 

(ii) (VQ)s3h is linearly determined by I(i)Q>i — J(i)aj and J(x)Olj — K^oik- 

Proof. Using (|5.1jl the tensors appearing in equations ()5.2|) and (|5.3j) may 

be expressed as 

6 (Jd®a)/ ( i)J (2) Vfi = 46 {J(i)^(2) (*(i)a/ + ^(i)CKa-) 

-K(i) J(2)(l(l)Oil + J(l)«j)} A Ui, 

VO = 2 6 (--^(i) J(2)Kma K + J(i)K {2 )Jmaj) A wj. 
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This gives 

§(Vfi) H = & (JmK/2) - KmJr 2 ) )(im QJj + Jmaj + ^(l)^) A Wj, 

|(Vn) 5 3^ = 6 {J(l)tf(2)(2J(i)0!j - #(1)0* - /(!)«/) 

-i^(i) J(2)(2ir (1 )aK - a/ - A w/. 

Both of these expressions have the form 

:= 6 (7f (2) /3j - J(2)/?a-) A ujj, 

with /3 7 G 7".W <g> A,-,/, c T*M <g> S 2 T*M. 
Now, we compute 

in 

£ r ' Z ' e - Je ^) = ( 4n + 2 )(/3j(*, - ^ ^)). 

i=l 

However, 7 (2) /3j(X, -, •) is an element of A 2 T*M that is of type (1, 1)/, {2, 0}j 
and {2,0}x- So £3 is uniquely determined by /3j and and the result 
follows. □ 

Combining this Proposition with the remark after equation (|5.1|) . we find 
that for I 7 = Aq-E, 7T, 7? the V'TT-component of Vf2 is uniquely determined 
by I^ctj + J^aij + K(^a^\ and the V^S^TT-component is uniquely de- 
termined by J(i) — J^a^ and J(i)aj V '' ) — K^a^. We can thus fully 
determined the quaternionic type of the manifold from information about 
the a's. As these are determined by the covariant derivatives Va>j, etc., we 
obtain the following relations between Hermitian and quaternionic types (see 
also the tables in ^J). 

Theorem 5.4 Let M an almost quaternion- Hermitian manifold. On an 
open set U where an adapted basis 7, J, K is defined, one has: 

(i) If Vui G Wi + W 4 and Vujj G W 2 + W 4; or Vwj, Vcjj, Vw* G Wi + 
W 2 + W 4; t/ien Vfi G £(S 3 77 + 77). 

(ii) IfVuJ^Vuj G Wi + W 3 + W 4; tfien Vfi G (A^E + E)(S 3 H + H) + KH. 
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(iii) IfVui,Vuj G W 2 + W 3 + W 4; thenVtt G {K + E){S 3 H + H)+A 3 EH. 

(iv) // Vcjj G Wi + W 4 and Vcjj G Wi + C + W 4; C = W 2 , W 3 , tnen 
Vfi G (A 3 E + E){S 3 H + H). 

(v) // Vcj 7 G W 2 + W 4 and Vcjj G W 2 + C + W 4 , C = Wi,W 3 , then 
VQ G (K + E)(S 3 H + H). 

(vi) IfVuJi, Vuj G W3 + W 4; tfien Vfi G (A 3 £ + AT + E)H. 

(vii) J/Vwj G Wi and Vuj, Vu K G Wi + W 3; i/ten Vfi G A 3 E(S 3 H + H). 

(viii) // Vcj/ G W 2 and Vcjj, Vu K G W 2 + W 3; f/ien Vfi G A(S 3 # + #). 

(ix) IfVuj I ,Vuj J ,Vuj K G Wi + W 3; tfien Vfi G A 3 E(S 3 H + H) + (K + E)H. 

(x) IfVuj h Vujj,Vuj K G W 2 + W 3; tfien Vfi G K(S 3 H+H) + (A 3 E + E)H. 

(xi) // one 0/ t/ie following conditions holds, then Vfi G (AqE + K)(S 3 H + 
//)•• 

(a) Vcj/ G Wi, Vujj G W 2 + W 3 and Vcj a - G Wi + W 2 + W 3; 

(b) Vcj 7 G W 2; Vcjj G Wi + W 3 and Vcj a - G Wi + W 2 + W 3; or 

(c) Vuji G Wi + W 2; Vcuj G Wi + W 3 and Vu; A G W 2 + W 3 . 

(xii) If Vw/ G Wi + W 3; Vcuj G W 2 + W 3 and Vcj a G Wi + W 2 + W 3; iaen 
VQ G (AqE + K){S 3 H + H) + EH. 

Moreover, if M is eight- dimensional, one also has 

(xiii) If Vu;/ G Wi + W 3; Vwj G Wi + W 2 + W 3 and Vw* G W 2 + W 4; iaen 
Vft G A(S 3 # + if) + ES 3 H . 

(xiv) // Vcj/, Vujj G Wi + W 3 and Vu K G W 4; iaen Vtt G £S 3 #. □ 

6 Tables and Comments 

Tables |2] and El show the full consequences of the formulae derived in this 
paper. 

Hermitian types are denoted by a hexadecimal number 0,. . . ,9, A,. . . ,F, 
where Wi contributes 2 l_1 . So, for example 5 = 1 + 2 + 8 represents Wi + 
W 2 + W 4 . 
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The rows of the table give the Hermitian type of /, the columns the type 
of J. Due to symmetry we only need to show the cases where the Hermitian 
type of J is greater than or equal to that of /. 

Each rectangle in the table contains up to 16 entries corresponding to the 
Hermitian types of K that are greater than or equal to that of J. These are 
arranged with the type of K increasing in each column, so the first column 
potentially begins with type 0, the next type 4, and then type 8 and finally 
type C. 

In each position in this rectangle there is one of two types of entry. Three 
hexadecimal digits abc indicate that the Hermitian types of J, J and K 
reduce to a, b and c respectively Two bold digits PQ, indicate that the 
Hermitian types do not reduce and specify instead the quaternionic type of 
the manifold. P corresponds to the S^if -part of Vf2 and Q to the if -part, 
with AlE contributing 4, K 2 and E 1. Thus 36 indicates type (K+E)S 3 H+ 
(AqE + K)H. Note that the bottom right entry in each rectangle corresponds 
to ujk having type F = Wi + W2 + W3 + W4; this is no restriction on ujk 
and so this entry tells what happens when I and J have a specified type. 

These results are for general dimension 4n ^ 12. In dimension 8, several 
conclusions may be different. These are indicated by italicising the entry 
in Tables El and El provided the difference does not simply arise because of 
the absence of A$E in the quaternionic type. What actually happens in 
dimension 8 in these special cases is then given in Table EJ This table lists 
the I,J,K type, its reduction and finally the quaternionic type. The entries 
different from the general case are again italicised. 

One finds that in general dimension there are 167 different almost hyper- 
Hermitian types, whilst in dimension 8 there are only 144. In comparison, the 
number of potential triples of types is ^16. 17.18 = 816. Of these 816 cases, 
276 are hyperKahler and 44 are locally conformal hyperKahler in general 
dimension. For dimension 8, one gets instead 316 and 44, respectively. 

For completeness Table 03 gives the situation for dimension 4. In this 
case there are no otj terms and the only Hermitian types are {0}, W%, W4 
and W2 + W4. We do not specify quaternionic types in this table as these 
are no longer determined by VQ (the four-form Q is a constant times the 
volume form, and so parallel). We see that there are only 7 distinct almost 
hyper-Hermitian types in this case. 

It is natural to ask whether examples of each of the 167 different almost 
hyper-Hermitian types occur. With so many cases this is clearly a daunting 
task. However, one special case that is of interest is when /, J and K have 
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the same type. In this situation one may check that if a given component 
of Vcj/ vanishes then the same is true of Vco% where A = al + bJ + cK, 
with a 2 + b 2 + c 2 = 1 constant. The table shows that the only possible Gray- 
Hervella types are {0}, W 3 +C (with C C Wi+W 2 +W 4 ), W 4 or Wi+W 2 +W 4 . 
With the exception of the last case, these may all be realised in dimension 12 
by considering homogeneous structures, and conformal changes of such, on 
(S* 3 ) 4 , T 3 x M 3 , with M 3 a three-dimensional Lie group, either semi-simple, 
nilpotent or solvable. However, the given structures do not exhibit the full 
predicted almost quaternionic-Hermitian types, and we have not yet found 
examples of the last case W\ + W2 + W4, which will be quaternionic type 
E(S 3 H + H). We therefore reserve presentation of such examples to future 
work. 
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